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ABSTRACT
An analog computer simulation was performed on
the Systron Donner SD 40/80 electronic differential
analyzer consisting of one panel (SD 40)

less three

modules augmented by three digital logic modules for
iterative operation.
The flapping equation was solved in continuous
iteration for various values of blade mass and the resultant blade flapping magnitudes and harmonic coefficients
were compared in computer plots of the blade tip path
plane.
plotted.

A flap compensator was added and the result
Various aerodynamic parameters of the flapping

equation solution were plotted.
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CHAPTER I
INTRODUCTION
This investigation is concerned with the analysis
of helicopter main rotor aerodynamics utilizing an
analog computer (electronic differential analyzer)
solve the blade flapping equation.

to

A helicopter is a

unique aircraft in that in forward flight a rotor blade,
for a portion of the cycle, is moving upwind and for the
remaining portion it is moving downwind (see Fig. 1).

The

consequent increase and decrease in relative velocities
across the rotor blade results in a differential lift
around the rotor blade azimuth as well as along the
radius of the rotor blade.

Some compensation must be

made for this azimuthal differential lift or the helicopter
would have a continuous moment applied to it in the roll
and pitch axes.

This problem was first encountered by

Juan De La Cierva in his first experiments with the
autogyro.

Cierva solved the problem by hinging the rotor

blade in the flapping (horizontal) axis so that as the
blade rose due to the increased lift, and vice versa, the
moment resulting from the varying lift was not imparted
to the aircraft itself.

Another benefit of the flapping

blade was that as a result of the flapping velocity, the
relative angle of attack or the angle of the relative
wind velocity to the rotor blade chord was decreased on

Direction of Flight

I-

180°

_1_
v

/,/IT
nr
270°
--1---Z- - - - - - ·

nr-v

90°

00

Figure 1.

Velocity Distribution in Forward Flight
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the advancing blade side of the aircraft and increased
on the retreating blade side of the aircraft.

The further

result was an equalization of the lift around the blade
azimuth of rotation which tended to damp the flapping
oscillation of the blade.
It is this blade flapping which was modeled and
studied in this thesis with continuous observation of
the aerodynamic inputs to the flapping equation on the
analog computer.

The effect of varying blade inertial

moments and flap compensation on flapping and phase
angle is shown.
In summary, the purpose of the study was two fold:
1) To develop a main rotor simulation which could be
programmed on the available SD 40 computer and which
could be expanded as additional components are added to
theSD 80 capacity of the computer, 2) To provide a
medium for the author to study and experiment with the
aerodynamics of the helicopter and the simulation of a
portion of a helicopter flight system.
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CHAPTER II
REVIEW OF LITERATURE
During the decade of the sixties, perhaps because
of the impetus given to the helicopter by the airmobile
tests of the American Army and the extensive use of the
helicopter in the Vietnam conflict, a great deal of
interest was generated in developing computerized simulations of the flight of a helicopter.
In the fifties MacNeal (1958) and Hohenemser (1958)
experimented with electrical and mechanical analogies of
aerodynamic problems.

In the early sixties Jones (1963,

1964) of Great Britain, utilized an analog computer to
calculate rotor blade motion.

It is the original ideas

of Jones which provide the basic structure of the analog
analysis presented here.

Jones (1964) presented his

results as a plot of flapping versus sin

~

without

magnitudes and simulated the effects of a stall without
detailing any specific rotor blade or helicopter.

Inertial

effects and flap compensation were not considered and blade
twist and reverse flow were ignored.
In 1963 a study was conducted in the United States
for the Naval Training Device Center then at Port
Washington, New York

~AVTRADEVCEN

1205-1, 1963), to analyze

the equations of motion of Vertical/Short takeoff and
landing flight weapons system trainers and to develop an
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analog and digital simulation analysis of V/STOL Aircraft.
In 1965, Electronics Associates, Inc. published a
simulation of helicopter motion and avionics systems for
the

u.s.

Army Electronic Laboratories to study the inter-

action between avionics systems and the helicopter.
Electronic Associates, Inc. subsequently extended their
analysis, publishing in 1969 a hybrid computer program
for the simulation of the U.S. Army's AHIG Cobra (ECOM
0387-Fl, 1969) and the AH56 Cheyenne (ECOM 0387-F2, 1969).
The latter work was also for the now U.S. Army Electronics
Command.

These were extensive works, modeling all inpu·ts

for a simulated flight trainer with a pilot at the controls.

Published documents however do not show data

relating to the flapping aerodynamics of the helicopter
rotor and construction of the simulation requires extensive digital and analog equipment.
It is known that the Russians

(Volodkov, 1968) have

also performed analog simulations of helicopters to
analyze the effects on the helicopter of the loss of portions of the main rotor and tail rotor blades.

This work

was published in the Soviet Union in Russian and is
unavailable to the author.
The advantage of an analog simulation of a helicopter
rotor over a digital simulation is that the analog computer
can instantaneously solve the non-linear partial differential
equations with variable coefficients whereas a digital
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computer takes considerably more time.

An electronic

analog solution also can integrate along the entire
radius of the blade and with rapid iterations

over very

small azimuth steps, thus giving a high degree of
accuracy on a sufficiently flexible analog computer.
This becomes particularly important when higher harmonics
of bending and torsion are introduced into the problem.
The small azimuth step is also necessary if the higher
harmonics resulting from impulsive disturbances are to
be represented and observed since they are of a transient
nature.

At very high tip speeds, severe non-linearities

may result with very large variations of the flapping
coefficients, introducing sub-harmonics as well as the
higher harmonics, where the blade flapping no longer
repeats itself during each revolution.
The digital simulation techniques require a steady
state solution time and the large azimuth and radial
steps inherent in the digital solution hinder complete
observation of harmonics.

The tabular form of output

data from a digital simulation is not presented in the
best form for observing the main features and more significant parameters which can be observed on the analog
computer plots.
NAVTRADEVCEN 1205-4

(1964) specifically studied the

feasibility of reduction in the number of azimuth stations
which were necessary in order to reduce digital computations in a helicopter rotor simulation and determined
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that mean performance values of sufficient accuracy
for a flight simulator could be obtained with four
azimuth and three radial stations in integration, in
order to reduce digital computer solution time to real
time.
Schramm (1970) published for Bell Helicopter a paper
on a real-time simulation of a helicopter rotor using a
Hybrid Systems, Inc. SS-100 Analog/Hybrid Computer for
his rotor solution.

The results agreed very closely with

a non-realtime Bell digital program.

All aspects of the

helicopter were modeled and an auto pilot trimmed the
helicopter.
For a detailed and fundamental description of the
aerodynamics of the helicopter the reader is referred to
Gessow and Myers

(1967) , a text which seems to be the

international standard reference text of all subsequent
publications since i t was originally published in 1952.
It is from this text that the author draws most heavily
in basic theory.
It is not the intention of the author to present a
study of helicopter aerodynamics in this study, however,
sufficient introduction is presented to understand the
problem.
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CHAPTER III
ANALYSIS OF EQUATIONS
The analysis which is presented is restricted in
a sense by the size and capacity of the computer and
does not pretend to be a complete model of a helicopter.
A complete model would incorporate not only main rotor
aerodynamics but tail rotor aerodynamics, fuselage
aerodynamics, earth coordinates, pilot response, and
engine response, involving extremely large and expensive
digital and analog equipment.

The main rotor analyzed

here has been simplified by several assumptions which
limit the model to a degree but which are valid under
the conditions presented.
Figure 2 illustrates the helicopter blade element
from which the blade flapping equation is derived.
Assuming that the blade is hinged horizontally on the axis
of rotation the summation of the moments about this hinge
in the flapping axis is
~M

=

0

=

-~2 sinS cos$

J:

mr 2 dr

rdL

(1)

The blade weight, being small in comparison with the
other forces, is neglected in the summation of moments.

Control Axis
z

Lift

Centrifugal Force

R

2

mD r cosSdr

Weight
mdr

Inertial Force
d 2S
rm 2 dr
dt

s
D

Figure 2.

Blade Element Forces
\.0
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The assumption is also made that S is a small angle, which
is the case in a properly designed helicopter.

Since

the equation resolves to

-- JR
r

rdL

(2)

0

Since the rotational velocity of a helicopter rotor
is maintained constant either manually or by a fuel control governor, the azimuth angle of rotation

lJJ

=

Qt

and

dlJJ

=

=

1

Qdt

( 3)

consequently
d21JJ

=

Q2dt2

Resolving equation ( 2)

dt 2

or

=

(4)

= -s +

JR rdL

ro

or
d2S
n2 dt 2

d1JJ2.

1

2
(__!_ ~ + S)I n2
n 2 dt 2

1

n2

1

rn 2

r

rdL

(5)

ro

Equation (5)

shall be known as the flapping equation.

The flapping equation can easily be solved on the analog

11

computer and is analogous to a mechanical single degree
of freedom spring mass system with damping and a sinusoidal
driving force discussed in Gessow and
158) .

~~ers

(1967, pp. 156-

A more complete discussion of vibration of spring

mass systems of this type can be found in Thomson (1965,
pp. 51-57) .

The difficulty in the solution of the

flapping equation lies in solving for the unknown integral

J

Rr

rdL.

The solution of this integral requires the

gr~atest expenditure of computer components and the

monitoring of these circuits also enables one to gain
insight into the varying forces and velocities acting on
the rotor blade along its radius and around the rotor
azimuth of traverse.
integral

JR
r

The analysis of the lifting moment

rdL assumes a rigid blade with no bending
0

and neglects the small region of reverse flow which
occurs inboard on the retreating blade at speeds where the
velocity of the aircraft exceeds the rotational velocity
of the rotor blade.

Neglecting this reverse flow region

has negligible effect at the tip speed ratios of most of
today's helicopters.

It's primary effect is on the

coefficients of higher harmonics of flapping which are
small.

Lifting forces near the hub are small due to the

low rotational velocity in this area.

Blade twist is

taken into account and the lift distribution approximates
that for an ideally twisted blade described in Gessow and
Myers

(1967, p. 142).

The formulas used in the solution

of the lift moment integral are presented not in the
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non-dimensional form commonly used but in a dimensional
form in order that these quantities can be recorded and
observed as physical quantities acting on the rotor.

The

small angle assumption is made for the flapping angleS,
rotor tilt at and angle of inflow to the rotor disc, ¢.
A further assumption of uniform inflow through the
rotor disc is made.
velocities.

This assumption is common at higher

Coriolis forces are neglected and are not

present when the blade is hinged on the axis of rotation.
Rotor blade stall has not been incorporated into the
model because of lack of components.

A lift slope

potentiometer is used to determine the coefficient of
lift resulting from the resultant angle of attack and
the angle of attack is maintained within stall boundaries.
Stall can be modeled by use of a diode function generator
to construct the coefficient of lift curve versus angle
of attack a.

The slope of the curve can be changed for

varying mach numbers, but for purposes of this model,
little error results in maintaining the coefficient of
lift curve at a constant slope.

It is the author's con-

tention that blade stall is normally of little consequence
because most helicopters are limited in the power to
achieve a stall and will first lose engine rotational
speed due to the increased drag at high angle of attack.
Upon loss of rotor speed the collective pitch would be
lowered by the pilot or forward speed would be reduced,
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thus preventing the stall.
The axis of reference will be the axis of no cyclic
feathering (control axis) used by Gessow and Myers
pp. 181-183) .

(1967,

The control axis can also be described as

perpendicular to the swash plate.

Use of the control axis

eliminates unnecessary complications in analysis

of blade

flapping because cyclic blade feathering is zero in this
axis of reference.

The computer circuit used in this

study is not confined to the control axis.

Use of the

control axis will permit a comparison of data with the
theory presented in Gessow and Myers.
From equation (5) i t can be seen that

13

=

1
Ir22

rdL - n21

(6}

The flapping angle 13 can also be expressed as a Fourier
series where

where all harmonics above the second have been found
experimentally to be small.
dl3
dt

Consequently,

=

(8)

( 9)

The relationship of equation (5) with equation (7)
be seen as

can now

14

=

1

1~2

[

rdL

(10)

0

where a 0 is the coning angle of the blade resulting from
blade lift.

Equation (10)

is true only when first har-

monic flapping motion is considered.
Incorporated in a 0 or
1

rsl

rdL

is the lock number y described in Gessow and Myers (1967,
p. 194) as the relationship between the air forces and
mass forces acting on the blade.

Recall that the dimen-

sional form of the equations described later is being
used rather than the non-dimensional form when relating
y to a 0

in this study since y is the non-dimensional

form of the Lock number.

Further disqussion of the Lock

number is irrelevant to this study and can be satisfied
by the reader concurrent with his interest.

Suffice i t

to say that the coning angle is proportional to the Lock
number, a 1 is independent of the Lock number, and that
b 1 is proportional to the coning angle.

Coefficient a 1

can be described as the amplitude of a pure cosine motion
or fore and aft rotor tilt and b 1 as the amplitude
of a pure sine motion or sideward rotor tilt.

The

coefficient a 0 represents the coning angle of the rotor
blade.

When the helicopter is hovering, S

=

a0

,

the
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coning angle.

It can now be seen that a

0

depends upon

the magnitude of the lift (thrust) moment and the centrifugal moment, hence the Lock number.
A rotor with very heavy blades performs a nearly
pure a 1 flapping motion with the coning angle, sideward
tilt, and higher harmonic flapping becoming greater as
the blades become lighter.
A discussion of the rotor blade angle of attack is
now in order.

The geometric angle of attack of the

helicopter blade represents the feathering motion of the
blade with respect to the plane of the blade tips and
can be

represented as a Fourier series where
(11)

Coefficient 9 1 represents the amplitude of the angle of
lateral cyclic control and 9 2 represents the amplitude of
the angle of longitudinal cyclic control.
Equation (11) is modified to incorporate the angle
of blade twist at each radial station by adding the blade
twist rate multiplied by the radial distance or 9t=r9r.

e0

represents the amplitude of the angle of collective

pitch.

In this study,

e 0 is taken as the angle of col-

lective pitch at the inner radius in order that a radial
integration from inner radius to outer radius times the
negative blade twist nay be subtracted from

e0

giving

e

at the outer radius equal to the collective pitch at the
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blade tips when no cyclic pitch is applied.

The geometric

blade angle of attack is modified aerodynamically in flight,
as stated earlier, primarily by the blade flapping influence
on the angle of inflow to the rotor.

Adding an angle of

inflow, ¢, to the geometric angle of attack yields a resultant angle of attack
(12)

The sign of ¢ is determined by the sign of the velocity
component perpendicular to the rotor disc, U .
p

Figure 3

illustrates the effect of the perpendicular velocity Up
and the tangential velocity UT on the blade, where UT
represents the velocity component parallel to the rotor
disc or swash plate (perpendicular to control axis) •
Velocity components of UT are illustrated in figure 4
where at' the tilt of the swash plate, is assumed to be a
small angle, thus cos at

=

l.

It can be easily seen from

figure 4 that

(13)

=

nr + v

sin~

and is given that

= v

d8

at + v - r dt -

va

cos~

(14)

dL

dT

~·<I>

~

uP

lf

l

Figure 3.·
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Figure 4.
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where v is the induced velocity.

Sign convention used

here for forward swash plate tilt, -at, is negative as

~s

downward induced velocity, -v.
Equation (13) and (14) are expressed in the dimensional
form as explained earlier and will remain so.
Using the small angle assumption it can also be seen
from figure 3 that
¢

=

tan-l

(15)

Blade element coefficient of lift CL is determined for
the particular angle of attack, a, by multiplying by
slope, a.
for

J:

Sufficient information is now available to solve

rdL since dL

~ ~

pW2 CLcdr from the blade element

theory 0 where W is the resultant velocity depicted in
figure 3.

The blade element lift, dL, will be considered

equivalent to the blade element thrust, dT, from the small
angle assumption for ¢ in figure 3 since dT

=

dLcos¢

dDsin¢, where dD and ¢ are both small.
The analog computer program for evaluating

J:

rdL and

for solving the flapping equation is presented in °figure 5.
The technique

illustrated in figure 5 is to generate a

rapid iteration of the ramp function r 0 to R on integrator
number 1 while i t is in compute during switching mode A.
While integrator number 1 is in compute ,
1 pc CLW 2 dr
produces 2

=

continuous calculation.

this in effect

dL for every radial station in a
The radius generated is also used

in contributing blade twist to a along the blade radius;

A. HOLD
8. COMPUTE

A. HOLO
8. COMPUTE

n

-100

LEFT AFT

RIGHT

v
iOOO
-100

Bo
+100
+100

.n (

5

3! ,n2 10 )

IOOcf>
STORE

O.OOOIU~
-IOOCI
B. RESET
A. RESET

-IOCL

I~
N

0

8. RESET

FIGURE 5.

SCALED CIRCUIT DIAGRAM
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·
df3 an d 1.n
· d e t erm1.n1.ng
· ·
·
·
1.. n compu t 1.ng
r dt;
r d L f or 1.ntegrat1.on.
sin~

While the radius is being generated

cos~

and

are in

hold and thus are constant during the radial integration
as is

(3

and ~~ •

Integrator number 28 meanwhile is inte-

grating the indefinite integral,

f

rdL.

The track inte-

grator, number 14, is in reset and tracking the integration
through its initial condition capacitors and the store
integrator, number 27, is in compute which allows i t to
store the final value from the previous iteration.

To

enable the track and store modules to hold information long
enough to pass from track to store and from store to
integrator number 5 between switching modes, a short hold
period is necessary between modes A to B, and B to A
as discussed in Gilliland (1967, p. 15-2).

This feature

can be incorporated using the digital logic section to
drive the rep-op switching of the integrators.

A modified

logic program from Gilliland (1967, p. 15-4) was used for
timing and switching the busses.

The integrator iterative

operation (IO) patching circuits were modified from
Gilliland (1967, p. 15-3) to control the integrator modules
from the compute - reset-hold busses.
During switching mode B, integrator number 1 returns
to reset as does integrator number 27 and 28.
sin~

and

cos~

precede in compute as does

d(3

~

Meanwhile

and S which is

using the definite integral from integrator 27, now 1.n
reset.

Integrator 27 has picked up the final value of

the previous iteration from integrator number 14 which is
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in compute and holding.

When the track and store inte-

graters are in compute they are actually holding the
value which was placed on their initial condition capacitors during reset.

The computer next passes through

a short hold period and returns to mode A for another
iteration.
It can be seen that with rapid switching and small

I:

impedance capacitors to shorten the time constant many
iterations of radial integration

I:~

r~~ drd~

can

0

be accomplished during each cycle of blade rotation.

The

SD 40/80 is equipped with reed switches which limit the
switching speed to an extent but the primary limitation
was in the 0.01 microfarad capacitors on the track and
store integrators and integrator number 28.

It was deter-

mined that the gain of the definite integral on integrator
number 27 could not be predicted by the value of the
input resistor and feedback capacitance on integrator 28.
The switching time and some discrete values of incremental
lift, dL, were used to calculate the scale of the definite
integral on integrator number 27.

To scale integrator 27,

the lift distribution for an ideally twisted blade was
taken for dL data from r 0 to R to calculate the actual
discrete value of the definite integral
discrete

~

uous data.

rdL at some
0

and the scale was thereby determined for continGraphic illustration of switching modes for

all integrators is shown in figure 6.
gested that

I:

sin~

and

cos~

Jones (1964)

sug-

be left in continuous compute

COMPUTE
INTEGRATORS
1, 27, 28

HOLD

-

~

,.....

....

....

RESET
COMPUTE
INTEGRATORS
5, 6, 9, 10

HOLD
RESET
COMPUTE

INTEGRATORS
13, 14

HOLD

,.....

RESET
RESET

MODE A MODE B

MODE A

MODE B

t = 0

N

w

Figure 6.

Iterative Operation Switching
Diagram
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mode, however the phase relationship between

e

cos~

and

could not be maintained unless the flapping equation
loop and the

sin~,

cos~

loop were switching in the same

manner.

The method used by the author also makes

and

a true constant during the radial iteration as

cos~

opposed to an assumed constant as

sin~

and

cos~

sin~

traverse

a small angle.
In summary, the analysis presented on the preceding
equations is limited by the following conditions:
1) The induced velocity through the rotor disc
is assumed to be constant.

This assumption

has been shown to be reasonable for calculating performance of a rotor operation at
tip-speed ratios greater than 0.10 but does
result in error in computing blade

moti~n,

especially in the b 1 flapping coefficient.
Certain vibration phenomena of helicopters
in the transitional flight regime between
hover and thirty miles per hour are attributable to the dissymetry of inflow in this
region.
2) The assumption of uniform radial inflow is
strengthened where twisted blades are used
as in this simulation because the blade
twist tends to give a uniform radial inflow.
As flight speed is increased the
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major portion of the rotor inflow is due
to the Vsinat component, rather than from
induced velocity.

Vsinat is uniformly dis-

tributed across the rotor disc.

This

assumption is not precise enough if the
simulation is extended to vibration analysis.
3) The radial component (third dimension) of
the resultant air velocity at the blade
elements has been neglected but all authors
state that the effect of radial velocity
increases the blade profile drag only
slightly and has very little effect on rotor
thrust.
4) Flapping angle, S, and the angle of inflow,

¢, are assumed to be small angles .

This

assumption is valid for S if the rotor is of
proper design and within its design range
and especially where proper flap compensation
is employed.

The assumption is valid for ¢

for most ranges of helicopter operations but
may lead to significant errors where the
inflow is large, such as in steep rates of
climb or descent, in which case a large
vertical velocity is added to the rotor inflow

.

The use of an electronic
component of u p
resolver for the solution of ¢ will solve
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this problem.
5) The assumption is made that the reversedflow region is negligible.

It must be

realized that this region increases with
the tip-speed ratio and does contribute
a decrease in overall rotor thrust and has
an effect on the higher harmonics.

Within

the range of the 100 volt amplifiers of the
SD 40/80, the effect is negligible.
6) The assumption is made that the blade is
hinged on the axis of rotation.
valid for a semi-rigid rotor.

This is
For an

articulated rotor, flapping-hinge

offset

may be neglected in performance estimates
but must be taken into account in stability
and control analyses.
7) The lift-curve slope is assumed constant,
the profile-drag coefficient is neglected
as negligible within the amplifier range
of the computer and blade stall is not
modeled in the program.

In a model of a high

speed helicopter with a large power source
and low fuselage profile drag, the resulting
high tip speed ratios could result in a
retreating blade stall and/or compressibility

27

at the tip of the advancing blade.

The

result would be a rapid increase in blade
profile drag with a decrease in lift.

The

simulation presented here would then result
in very optimistic performance predictions.
The existing program can easily be extended
to incorporate the blade stall and drag
component of thrust if high tip speed ratios
are to be simulated.
8) The rotor blade is assumed to be rigid
in all directions.

The effect of torsional

and bending moments has been neglected.

These

deformations are small for normal blades
when considering blade motion and rotor performance but become important in vibration
analyses and control-force studies.

Torsional

deflections are also important in stability
calculations.
9) The tip-loss assumption is sufficiently valid
for this analysis but not for an extension to
blade stress analyses.
10) A tapered blade can not be simulated in this
analyses, however present day rotor blades
are virtually all untapered.
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CHAPTER IV
ANALYSIS OF DATA
The rotor blade simulated in this study was the
rotor blade for the Bell UHlD or UHlH model helicopter.
The UHl employs a semi-rigid rotor head with two blades
rigidly joined to the rotor hub.

The hub is gimbal

mounted to the rotor mast and consequently the blade
is free to flap up and down about a hinged axis whose
center is located at the center of the rotor mast.

The

simulation was not a valid simulation of the UHl, as such,
partly because of the absence of the second blade which
contributes lifting moment opposing the lifting moment
of the opposite blade due to the rigid mounting to the
hub.

The inertial forces of the opposing blade were

also not taken into account.

Modeling of the single

blade, nevertheless, served the purposes of this study
and can be analagous to a single hinged blade of an
articulated rotor head with no hinge offset.

The blade

airfoil designation is the NACA 0012 symmetrical air
foil and the coefficient of lift curve slope was approximated for the NACA 0012.

Blade mass, length, chord and

twist for the UHl blade were used. The blade is a
rectangular blade with constant chord length along the
blade radius

(untapered).

Since the blade twist starts

at r = 7.5 feet and the area of negative lift discussed
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earlier is ignored, r

0

is taken at r

=

7.5 feet.

Lift

forces near the hub are small at moderate velocities.
Blade length is 24 feet, however, in order to take
into account tip losses, the generation of the radius
on integrator number 1 was integrated from 7.5 feet to
23 feet considering the large decrease in lift which
would occur near the tip.

Tip losses normally reduce

the effective radius to 0.97R.

A comparator was used on

integrator number 1 to prevent circuit overload during
switching time adjustments.

Air density for standard

conditions at sea level was used since helicopter
operations are normally conducted at low altitude.
Data presented in this study is for a velocity of
50 miles per hour which is representative of blade
flapping in forward flight.

At about this tip speed ratio

the constant induced velocity assumption becomes valid
and there exists no reverse flow region.

Switching times

used in mode A and B were 26 milliseconds in each mode
with a 5 millisecond hold between each mode allowing for
a 4 millisecond overlap between modes.
millisecond iteration.

This gave a 62

The blade azimuth compute cycle

and flapping compute cycle was run at a compute time of
one tenth real time or 3.5 radians per second of azimuth
compute time since real time for the subject helicopter
is approximately 35 radians per second.

The resultant

number of radial integrations per cycle was 66 integrations per cycle of azimuth or one radial integration
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every 5.45 degrees of azimuth.

The computer thus corn-

pleted one cycle of azimuth every 4.2 seconds.

Note

that the azimuth and flapping loops are only in compute
for 26/62 of the total switching cycle times and are
holding for the remainder of the time.
Figure 7a represents the steady state flapping
angle S of the rotor blade at 50 miles per hour.

The

flapping angle amplitude is approximately 0.20 radians
up and 0.12 radians down indicating a coning angle of
approximately 0.04 radians or 0.87 degrees.
relationship of S with
lagging

cos~

pure a 0 -a 1

cos~

The phase

was determined to be slightly

indicating that the flapping is not a

cos~

flapping.

Figure 7a shows the peak

flapping to the left of the nose of the helicopter.

It

was stated earlier that sideward flapping b 1 is independent of blade mass.

The exciting forces for b 1 motion

are, however, proportional to the coning angle which is
proportional to the mass of the blade.

Oscillation

amplitude of a resonant system with damping is proportional to the magnitude of excitation.

Consequently, as

the blade mass increases infinitely, coning decreases to
zero and b 1 disappears since its exciting force disappears.
Figure 7b illustrates S where the inertial forces have
been increased by a factor of 100.

The magnitude of

flapping has been reduced to +0.0013 radians with no
detectable coning angle and a resulting almost pure a 1
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cos~

flapping motion.

The phase relationship with

is in phase as determined from other data.

cos~

Figure 7c

shows the flapping magnitude and rotor tilt for an
intermediate value of ten times normal inertia.
Conversely, a decrease in inertial forces resulting
from a lighter blade should yield larger flapping,
larger coning angle, greater sideward tilt (b 1 ), and
higher harmonic flapping.

Figure 7d shows flapping

magnitude for one tenth normal inertia.

The resulting

flapping magnitude is approximately 0.40 radians
positive and 0.05 radians negative for a coning angle
of approximately 0.22 radians.
of S with

cos~

The phase relationship

has moved substantially so that the

peak angle of flapping is farther to the left of the
nose of the aircraft yielding a more definite
sideward tilt (b 1 ) and possible higher harmonics in
addition to the increased coning angle.

As S increases

out of the small angle range, accuracy decreases because
of the small angle assumption.

The results, however,

indicate agreement with the theory of flapping expressed
in Gessow and Myers which is also derived from experimental and wind tunnel studies.
The variation in the simulation is made at this
point to incorporate a flapping compensator into the
hinge of the rotor blade.

Figure 8a depicts a hinged

blade with what Mil (1967, p. 94) calls a turned hinge.
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It can be seen from figure 8a that when the blade flaps
up, the angle of attack is simultaneously decreased.
opposite case is true when the blade flaps down.

The

The result

is a damping of rotor oscillation due to differential lift,
provided that the angle of the compensator is not excessive.
The same result can be achieved on a semi-rigid rotor where
push-pull control rods link the swash plate either directly
or through a stabilizer bar with the pitch change arms on
the forward portion of the rotor blade.

When the blade

flaps up, the swashplate connections pull down on the pitch
change arms thus reducing the blade pitch in the manner of
the turned hinge.

The opposite effect results when the

blade flaps down.
The flap compensator for a zero cyclic feathering
condition was simulated on the analog by feeding back an
inverted portion of the flapping angle to the angle
attack summer.

of

The circuit used for the simulation is

illustrated in figure 8b.

Because of lack of amplifiers,

the remaining integrator from the module containing the
track integrator was used to track -6 and feed it into
summer number 11 through a scaling potentiometer.

An

excessive feedback greatly upsets the system but a small
value of feedback has a substantial damping effect shown
relative to the control axis in figure 9.

The magnitude

of the feedback potentiometer would be proportional to
the angle of turn of the flapping hinge or the length of
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the pitch change arm on a semi-rigid rotor.
p. 94)

Mil (1967,

states that the angle of change of pitch,

~,

due

to flapping compensation, varies in accordance with the
law

¢

=

G0

-

S tana 1 and presents an interesting discussion

of the effects of the turned hinge on rotor phase relationships under given conditions.

These conditions were not

simulated or analyzed in this study but could be analyzed
in an extended study.
For academic illustration of the effect of control
changes on the flapping of the rotor see figures lOa thru
lOc.

Flapping in the above case represents flapping due

to collective and cyclic pitch changes in addition to pure
differential lift induced flapping and, except for lOa, is
not flapping with respect to the control axis.

When cyclic

pitch is added through swashplate tilt, the control axis
tilts with the swashplate.
The rotor of figure 10 a at plot time zero has a
50 mile per hour forward velocity with a flat collective
pitch input.

Consequently there is a negative angle of

attack at the outer radius of the rotor and a consequent
forward and left tilt of the rotor.

As the blade advances

to the retreating side of the disc, collective pitch is
added, yielding a positive lift and the resultant rearward tilt of the rotor disc due to flapping until steady
state is reached.

It should be noted that induced velocity

was not varied when collective pitch was added but the predominant portion of the inflow comes from the forward
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velocity through the tilted rotor at 50 miles per hour.
This illustrates the transient effect of an increase in
collective pitch on the tilt of the rotor tip path plane
and thrust vector.

This phenomenon during take-off and

landing, when collective pitch is suddenly added, has
been called "zooming" and is described by Gessow and
Myers (1967) as an undesirable tendency.

This author

believes that on the contrary this "zooming" effect
can be put to good use by the pilot when flying a heavily
loaded helicopter in and out of confined areas.

The

"zooming" somewhat extends the aft cyclic control which
is normally decreased in a single main rotor helicopter
where loads are carried forward of the rotor shaft.
In order to gain an insight into the quantitative
aerodynamic changes taking place during a steady state
cycle of azimuth traverse of the rotor blade, figure lla
thru lld illustrate rough plots of some of the parameters
evaluated by the computer during simulation.

Phase

relationships with the azimuth angle could not be depicted
on the single track recorder utilized for this data and
the slowness of the plotter in following the rapid radial
integrations of the computer substantially reduces the
accuracy of the plot radial envelopes.

Values for the

actual radial envelope boundaries are shown on the plot
ordinate and one cycle of azimuth rotation is marked on
each plot abscissa.

More accurate data illustrating the

parameter plots opposite the cosine of the azimuth angle

~
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recorded on dual track lined recording paper are
available in departmental files.

Nevertheless, the plots

presented here serve the stated purpose.
The data for figures lla thru lld are for the normal
blade inertia condition without flap compensation.

The

induced velocity at 50 miles per hour was estimated from
Wood & Hermes (1969, p. 13).

Since induced velocity is

considered constant, errors in magnitude of induced velocity
would be partly compensated for by a requirement for a
changedcollective pitch in order to maintain the desired
lift equal to an assumed weight of the helicopter.

u

Recall

tan-l ~ which affects the angle of attack a but
T
2
the effect of u 2 on W is small due to the large magnitude

that ¢

=

p

of u; in comparison with up 2 , where

w2

=

u~ + u;.

It can

be seen from the data that the small angle assumptions
used in the study are valid.

The angle of tilt of the

control axis or swash plate, at, was taken from data in
Schramm (1970, p. 236) where the pitch angle of the fuselage
at the given velocity plus the aft pitch of the fuselage at
a hover represented the angle of pitch of the swashplate in
forward flight at 50 mph.

At a hover, the tilt of the

swashplate and rotor hub is zero.
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CHAPTER V
DISCUSSION
It is felt that a useful and realistic simulation
of a helicopter main rotor can be accomplished within
the constraints of the Systron Donner 40/80 electronic
analyzer.

The resulting flapping angle magnitudes and

phase relationships conform with well established
theoretical and experimental expectations.

The analog

computation permits constant visual observation of such
parameters as flapping angles, flapping velocities,
resultant velocity, angle of inflow through the main rotor,
resultant angle of attack, coefficient of lift, radial
distribution of lift and lifting moment.
These parameters can be observed over the length
of rotor radius and throughout the azimuth of traverse.
Very fast synchronized recording equipment is necessary
to gain full value of these observations.

Such para-

meters as lift distribution along the rotor radius can
only be observed on an oscilloscope trace due to the
rapid radial integration and varying magnitudes around the
rotor azimuth.

The effect of blade weight, radial length,

and rotational velocity on the inertial forces and the
resultant flapping magnitudes can be evaluated at varying
forward airspeeds.

A preliminary blade design for an
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untapered blade can be simulated and analyzed within the
constraints o£ the program and computer components.
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CHAPTER VI
RECOMMENDATIONS
It is recommended that with the acquisition of
additional components a two bladed semi-rigid rotor be
modeled and analyzed for the effect of the opposing
blade, taking into consideration flapping compensation.
It is felt that with three additional integrator modules,
two for track and store and one for a second sinw, cosw
loop, a second blade could be simulated using 4 electronic
switches to switch the first and second blade into and
out of the lift moment integral evaluating circuit, in
succession.
the

This would necessitate a further revision of

digital logic rep-op drive program with direct logic

voltages applied to the individual computer modules, not
through the C-R-H busses, for successive switching.
It is further recommended that an analysis of the
effect of flapping compensation on flapping magnitude
and phase relationships be made as stated earlier.
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NOMENCLATURE

a

slope of lift coefficient, units/radian
coning angle of rotor blade span axis, radians
Fourier coefficient for longitudinal blade
flapping, radians
Fourier coefficient.for lateral blade flapping,
radians

c

rotor blade chord, ft.
blade element lift coefficient, dimensionless
blade element drag coefficient, dimensionless
blade element lift, pounds

dr

length of element of blade radius, feet

dT

blade element thrust, pounds

I

moment of inertia about flapping hinge, slug-ft

m

blade element mass, pounds/foot

r

blade radius, feet

2

blade radius at lower boundary of integration, feet
R

radius of blade tip, feet

up

velocity component perpendicular to swash plate or
parallel to control axis, feet/second
velocity component parallel to swash plate or
perpendicular to control axis, feet/second

w

resultant velocity of relative wind, feet/second

Greek Symbols
resultant blade element angle of attack, radians
angle of tilt of control axis from perpendicular or
tilt of swashplate from horizontal, radians
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S

flapping angle of rotor blade, radians

y

Lock number

~

azimuth of blade rotation from aft of rotor disc,
radians

cr 1

angle of turn of flapping hinge, radians

e0

angle of collective pitch, radians

e1

angle of lateral cyclic pitch, radians

e2

angle of longitudinal cyclic pitch, radians

er

blade twist per unit length of radius, radians/foot

et

total blade twist at radius r, radians

p

atmospheric density, slugs/ft. 3

~

rate of blade rotation, radians/sec.

¢

angle of inflow through rotor disc, radians

~

angle of change of pitch due to flapping compensation, radians
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